Abstract. The tropical semifield, i.e., the real numbers enhanced with the operations of addition and maximum, serves as a base of tropical mathematics. The addition is an abelian group operation, whereas the maximum defines an idempotent semigroup structure. We address the question on the geometry of idempotent semigroups, in particular, tropical algebraic sets carrying the structure of a commutative idempotent semigroup. We show that commutative idempotent semigroups are contractible, that systems of tropical polynomials, combined out of univariate monomials, define in Ê n subsemigroups with respect to the coordinate-wise tropical addition (maximum), and, finally, we prove that the subsemigroups in Ê n , which are tropical hypersurfaces or tropical curves in the plane or three-space, have the above polynomial description.
Introduction
Tropical geometry is a geometry over the semifield Ì = Ê∪{−∞} with the operations of tropical addition and multiplication a ⊕ b = max{a, b}, a ⊙ b = a + b (cf. [3, 6, 8] ). We equip Ì * = Ê with the Euclidean topology and assume that Ì is homeomorphic to [0, ∞).
Here Ì and Ê = Ì * are the simplest examples of tropical varieties, carrying the structure of an abelian group with respect to the tropical multiplication ⊙, and the structure of a commutative idempotent semigroup with respect to the tropical addition ⊕. It is natural to ask about algebraic and geometric properties of the tropical varieties, equipped with one of these structures. So, the tropical abelian varieties, i.e., the tropical varieties which are abelian groups, whose operations are regular tropical functions, for example, tropical Jacobians, geometrically are real tori (products of circles and lines) [2, 7] .
In this paper we address the tropical varieties (and more generally, tropical algebraic sets)
enhanced with a structure of an idempotent semigroup, and, in particular, are subsemigroups of Ê n , equipped with the coordinate-wise tropical addition ⊕. First, we show that connected topological idempotent semigroups with a nontrivial center are contractible. Next, we study subsemigroups in Ê n , n ≥ 2, and address the question: what are tropical polynomials defining tropical algebraic sets among such subsemigroups? We prove that systems of simple tropical polynomials (i.e., those polynomials which are combined of only univariate monomials), always define subsemigroups in Ê n . Conversely, such subsemigroups, supported along tropical hypersurfaces, affine subspaces, or tropical curves in the plane or in the three-space, can be defined by ideals generated by simple tropical polynomials. This property is conjectured for arbitrary tropical varieties in Ê n . It is natural to ask:
Question: Does any contractible CW-complex admit a structure of an idempotent semigroup with a nonempty center?
This is so in the following particular situation.
Proposition 2.5. Any 1-dimensional contractible CW-complex admits a structure of a commutative idempotent semigroup.
Proof. Let U be a 1-dimensional contractible CW-complex. Pick a point u 0 ∈ U . For any point u ∈ U there is a unique path γ u ⊂ U , joining u and u 0 and homeomorphic either to I = [0, 1] or to a point according as u = u 0 or u = u 0 . Intersection of two paths γ u and γ v , u, v ∈ U , is a path γ w for some w ∈ U , and we define uv = w as far as γ u ∩ γ v = γ w .
It is easy to check that this operation is associative, commutative and idempotent.
Contractible tropical curves are called rational [5] . Our results say that a tropical curve carries a structure of a commutative idempotent semigroup iff it is rational. This contrasts with the case of compact tropical curves with a structure of an abelian group: they are elliptic (more precisely, are homeomorphic to a circle [7] ).
Basic tropical algebraic geometry
For the reader's convenience we recall here some necessary definitions and facts in tropical geometry, which can be found in [1, 2, 4, 8] . We introduce also notations used through the text. 
where Ω ⊂ n is a finite non-empty set of points ω = (ω 1 , . . . , ω n ) with nonnegative coordinates,
n , a m means a ⊙ · · · ⊙ a with a repeated m times, and * , * stands for the standard scalar product. The map f →f is not injective. Some of the linear functions in the right-hand side of (3.1) can be omitted without change off ; we call the corresponding monomials of f non-essential, and the other monomials essential.
In the sequel, when evaluating tropical polynomials and considering equalities and inequalities between them, we by default replace a polynomial f with the corresponding functionf , no confusion will arise.
For a tropical polynomial f denote by Z Ì (f ) the set of points x ∈ Ì n , where the valuef (x) either equals −∞, or is attained by at least two of the monomials in the left-hand side of (3.1). If f ∈ Ì[x 1 , . . . , x n ]\{−∞}, the set Z Ì (f ) is a proper nonempty subset of Ì n , and is called an affine tropical hypersurface (for the constant polynomial −∞ we have Z Ì (−∞) = Ì n ). Given a finitely
It is more convenient (and traditional) to consider tropical algebraic sets in Ê n ⊂ Ì n , which is, in fact, a tropical torus (cf. [6] ). So, for a tropical polynomial
n . This set can be viewed as the corner locus of the functionf , i.e., the set of points x ∈ Ê n , wheref is not differentiable, or, equivalently, the set of points x ∈ Ê n , where the valuef (x) is attained by at least two of the linear functions in the right-hand side of (3.1). Respectively, Z(f ) is nonempty as far as f contains at least two monomials, and then is called the tropical hypersurface in Ê n defined by f . Given a finitely generated ideal A finite polyhedral complex in Ê n is a pair (P, P), where P ⊂ Ê n and P is a finite set of convex closed polyhedra in Ê n such that
• if ∆ ∈ P, then any proper face of ∆ also belongs to P, • if δ, σ ∈ P, then δ ∩ σ is either empty, or is a common face (not necessarily proper).
Put dim(P, P) = max{dim ∆ : ∆ ∈ P}. A finite polyhedral complex (P, P) is called puredimensional if any δ ∈ P is a face of some ∆ ∈ P with dim ∆ = dim(P, P).
In particular, a tropical hypersurface in Ê n is a finite rational polyhedral complex of pure dimension n − 1 [1, 8] . More precisely, the top-dimensional faces δ of a tropical hypersurface H ⊂ Ê n can be equipped with positive integral weights m(δ) so that, for each (n − 2)-dimensional face σ of H there holds the balancing condition:
where δ runs aver all (n − 1)-dimensional faces of H, containing σ, and α σ (δ) is the primitive integral normal vector to σ lying in the cone centered at σ and directed by δ.
In general, we define a k-dimensional tropical variety in Ê n as a finite rational polyhedral complex of pure dimension k, whose top-dimensional faces are equipped with positive integral weights and satisfy condition (3.2) for each face of codimension 1. Legendre dual tof is a convex piece-wise linear function ν f : ∆ → Ê, whose maximal linearity domains form a subdivision S(f ) : ∆ = ∆ 1 ∪ · · · ∪ ∆ N into convex lattice polytopes of dimension dim ∆ i = dim ∆, i = 1, . . . , N . The vertices of the subdivision S(f ) bijectively correspond to the essential monomials of f , in particular, the vertices of ∆ always correspond to essential monomials of f . There is the following combinatorial duality, inverting the incidence relation, between the finite polyhedral complexes: ∆, covered by the faces of the subdivision S(f ), and Ê n , covered by the faces of the hypersurface Z(f ) and by the closures of the components of Ê n \Z(f ). Namely,
• the vertices of S(f ) are in one-to-one correspondence with the components of Ê n \Z(f ) so that the vertices of S(f ) on ∂∆ correspond to unbounded components, and the other vertices of S(f ) correspond to bounded components;
and they are orthogonal to each other.
A tropical hypersurface Z(f ) considered as a tropical variety (i.e., equipped with weights) determines the Newton polytope ∆ and its subdivision S(f ) uniquely up to translation in Ê n , and determines the essential part (i.e., the sum of the essential monomials) of the tropical polynomial f up to multiplication by a monomial. Without weights, Z(f ) determines the combinatorial type of ∆ and of its subdivision together with the slopes of all the faces of S(f ).
Simple Additive Tropical Sets
Subsemigroups in (Ê n , ⊕) which are tropical algebraic sets are called additive tropical sets.
Proof. We apply the double induction on s and n. Fix n = 2. The case s = 1 is evident. Then the induction step from s − 1 to s (where s ≥ 2) goes as follows:
Similarly we treat the case x 1 < x 2 . The proof is completed by an induction on n. 
, where M 1 , M 2 are two distinct monomials of f . By our assumption and by Lemma 4.1,
Additive tropical sets which are Z(I) with an ideal I ⊂ Ì[x 1 , . . . , x n ] finitely generated by simple polynomials, we call simple additive tropical sets.
Not any additive tropical set is simple. Consider, for example, the horizontal ray R = {(t, 0) :
2 . This is a tropical algebraic set, namely,
and it is additive. On the other hand, R is not simple. Indeed, due to the duality, described in section 3.3, for a tropical polynomial f (x 1 , x 2 ) such that Z(f ) ⊃ R, its Newton polygon must have a (vertical) side with the outer normal (1, 0). In case of a simple polynomial f in two variables, which may contain only monomials
, this is only possible when f = f (x 2 ), but then Z(f ) (and hence Z(I) for I generated by such simple polynomials) must contain the whole straight line through the ray R.
However, we propose the following converse to Corollary 4.2.
Conjecture 4.3. Any additive tropical variety in Ê
n is simple.
Next we prove this conjecture in the three particular cases: tropical hypersurfaces, affine subspaces of Ê n , and tropical curves in Ê 2 and Ê 3 .
Additive tropical hypersurfaces and affine subspaces
Proof. We prove only the "only if" implication.
Step 1. Let U = Z(f ) be additive. Without loss of generality, we assume that f is not divisible by any monomial and that it contains only essential monomials, since multiplication by a monomial and removal of non-essential monomials does not affect Z(f ) (see details in section 3.3). Then all the monomials of f are encoded by points on the boundary of the Newton polytope ∆ of f . Indeed, otherwise we would have an essential monomial, corresponding to a vertex of the subdivision S(f ) in Int(∆), and thus, dual to a bounded component of Ê n \Z(f ). The latter is impossible, since Z(f ) is contractible in view of Theorem 2.3, and the boundary of a bounded component of Ê
Step 2. Since U = ∅, f has at least two monomials. Let A ω ⊙ x ω , A τ ⊙ x τ be two monomials of f such that ω, τ ∈ n , ω = τ , and the hyperplane
contains an (n − 1)-dimensional polyhedral piece D of U . We claim that then ω − τ has at most two nonzero coordinates, and the product of any pair of the coordinates of ω − τ is non-positive. Indeed, otherwise, one could write equation (5.1) as a 1 x 1 + · · · + a n x n = b with a i , a j > 0 for some i = j, and then one could choose two close points
since it does not satisfy (5.1).
Step 3.
with some k, l > 0, and taking into account the conclusions of Step 1, we obtain the three vertices (i, 0), (0, j), (k, l) of the subdivision S(f ) on the boundary of the Newton polygon ∆. Along the conclusion of Step 2, the sides of ∆ cannot be directed by vectors with positive coordinates, and hence the tropical curve U necessarily has
• either a pair of rays, directed by vectors with negative coordinates (see Figure 1(a,b) ),
• or a pair of rays, directed by vectors with positive coordinates (see Figure 1(c,d) ),
• or a pair of non-parallel rays, directed by vectors with nonnegative coordinates (see Figure  1 (e,f)) (in the figures, e 1 , e 2 denote the edges of S(f ) adjacent to the point (k, l), and R 1 , R 2 denote the dual rays of U , the symbol ∆ designates on which side of the depicted fragment of the boundary lies the Newton polygon).
In all these situations the tropical sums of points on such a pair of rays sweep a two-dimensional domain in Ê 2 , contradicting the one-dimensionality of U . Let f contain no monomial a i ⊙ x i 1 with i > 0. Since f is not divisible by any monomial, it then should contain a constant member a 0 ∈ Ê. This yields that f has no mixed monomial a kl ⊙ x k 1 ⊙ x l 2 , k, l > 0, since otherwise, the Newton polygon ∆ would have a side with the outer normal, whose coordinates are nonzero of distinct signs in contrary to the conclusion of Step 2.
Thus, f is simple.
Step 4. Suppose that n ≥ 3,
Write f as the sum of its essential monomials: f = ω∈Ω M ω , Ω ⊂ n is finite. Let f have an essential monomial M τ , τ ∈ Ω, depending on at least two variables, say x 1 , x 2 . By definition, there are c 1 , . . . , c n ∈ Ê such that
A small variation of c 1 , . . . , c n does not violate (5.2), and hence we can choose these numbers to be generic. The precise generality requirement is as follows. Denote by pr 12 : n → 2 the projection to the two first coordinates. We rewrite the polynomial f in the form
Our demand is that, for any polynomial (5.3), the values of its monomials at (c 3 , . . . , c n ) are distinct. Geometrically this means that (c 3 , . . . , c n ) is out of (k1,k2)∈pr 12 (Ω) Z(f k1k2 ) ⊂ Ê n−2 , and such a choice is always possible, since the latter set is a finite polyhedral complex of dimension
obtained from f by substituting c 3 , . . . , c n for
(Ω), and thus, there is a pair of monomials of f reaching the value 
(a) Figure 1 . Illustration to the proof of Theorem 5.1
due to the choice of (c 3 , . . . , c n ). Hence we have equality (5.4), which precisely means that (u 1 , u 2 ) ∈ Z(g). The 2-plane Π = {x 3 = c 3 , . . . , x n = c n } is a subgroup of (Ê n , ⊕) isomorphic to (Ê 2 , ⊕), and hence U 2 is an additive tropical curve in Ê
The proof is completed.
Another example of simple additive tropical sets is provided by additive affine subspaces of Ê n .
Notice that a hyperplane in Ê n is a tropical hypersurface, since it can be defined by a tropical binomial. Respectively, any affine subspace of Ê n is a tropical variety defined by a number of tropical binomials. 
Additive tropical curves
The treatment of additive tropical curves appears to be more involved than one may expect appealing to a natural idea to consider projections of the given curve to the coordinate planes and to take the intersection of the cylinders over all the projections. This intersection can be greater than the original curve, and the problem is to remove unnecessary pieces, what we are doing below. So, we proceed as follows: first, we clarify geometric properties of additive tropical curves, then construct some auxiliary additive tropical sets, and, finally, prove that additive tropical curves are simple.
6.1. Geometry of additive tropical curves. Let U ⊂ Ê n (n ≥ 2) be an additive tropical curve. Without loss of generality, we assume that it does not lie entirely in any hyperplane x j = const, 1 ≤ j ≤ n.
Denote by U 0 , U 1 respectively the sets of the vertices and edges of U . (i) Notice that the directing vectors of the edges of U may not have a pair of coordinates with distinct signs, since otherwise, along the argument in Step 2 of the proof of Theorem 5.1, the sums of points on such an edge would cover a two-dimensional domain.
We shall equip all the edges e of U with orientation, choosing their (integral primitive) directing vectors a(e) with all non-negative coordinates. Observe that this orientation agrees with the order (2.1).
In addition, this orientation defines a partial order in U 1 by letting e ≻ e ′ when e, e ′ have a common vertex u, e ′ coming to u and e emanating from u. The poset U 1 has a unique maximal element, which is a ray directed to Ê n ≥0 := {x 1 ≥ 0, . . . , x n ≥ 0}. Indeed, otherwise, one would have two rays directed to Ê n ≥0 , and then as we saw in Step 3 of the proof of Theorem 5.1, the sums of points on such two edges would sweep a two-dimensional domain.
(ii) Let u ∈ U 0 and U 1 u = {e ∈ U 1 : u ∈ e}. As pointed above (in the notation of section 3.2)
Furthermore, due to (3.2), U 1 u must contain at least one edge e with a u (e) ∈ Ê n ≥0 and at least one edge e ′ with a u (e ′ ) ∈ Ê n ≤0 . We claim also that U 1 u contains precisely one edge e with a u (e) ∈ Ê n ≥0 . Indeed, otherwise, the sums of points on such two edges would sweep a two-dimensional domain. Denote this edge by e u . A similar reasoning shows that there is at most one edge e ′ with a u (e ′ ) ∈ Ê n <0 := {x 1 < 0, . . . , x n < 0}.
(iii) Next, we notice that if a u (e u ) ∈ {x i = 0}, then a u (e ′ ) ∈ {x i = 0} for all e ′ ∈ U 1 u . Indeed, if a u (e ′ ) has a non-zero i-th coordinate for some e ′ ∈ U 1 u , then due to (3.2) there should be a u (e ′′ ), e ′′ ∈ U 1 u , with a positive i-th coordinate in contrary to a u (e ′′ ) ∈ Ê n ≤0 for all e ′′ ∈ U 1 u \{e u }. (iv) Denote by U + the union of those edges e ∈ U 1 , whose directing vectors satisfy a(e) ∈ Ê n >0 := {x 1 > 0, . . . , x n > 0} . We point out that U + = ∅, since it contains the maximal edge-ray e ∈ U 1 . Indeed, otherwise, by (iii) the whole curve U would lie in a hyperplane x i = const contrary to the initial assumption.
Furthermore, due to (ii), U + should be connected and homeomorphic either to [0, ∞) or to Ê. We call U + the spine of the additive curve U .
(v) Let U 0 + = U + ∩U 0 := {u 1 , . . . , u m } be the set of vertices of U , lying on U + . Pick i = 1, . . . , m and with any edge e ∈ U 1 ui such that a ui (e) ∈ Ê n ≤0 , associate the set J(e) ⊂ {1, . . . , n} of the indices of the negative coordinates of a ui (e). The additivity condition implies that
• the above map e → J(e) is injective,
• if e 1 , e 2 ∈ U 1 ui emanate from u i in non-positive directions, then either J(e 1 ) ∩ J(e 2 ) = ∅, or there is an edge e ∈ U 1 ui with a ui (e) ∈ Ê n ≤0 such that J(e) = J(e 1 ) ∩ J(e 2 ). (vi) Put U i = {u ∈ U : u ≺ u i }. This is the part of the curve U , lying in the shifted orthant 
The cone Σ 0 (and, respectively, each cone Σ ui , i = 1, . . . , m) naturally splits into the disjoint union of open cells, marked by subsets J {1, . . . , n} and defined as Σ 0 (J) = {(x 1 , . . . , x n ) ∈ Σ 0 : x j < 0 as j ∈ J, x j = 0 as j ∈ J} .
Observe that
for each i = 1, . . . , m, and define
Notice that U ⊂ U red ⊂ U and that, for n = 2, U = U red .
Lemma 6.1. U and U red are simple additive tropical sets.
Proof. It is sufficient to define U and U red by simple tropical polynomials.
(1) Consider, first, U . Assume that U + is homeomorphic to Ê, and that Let us prove that U = Z(I) with an ideal I ⊂ Ì[x 1 , . . . , x n ] generated by tropical polynomials f kl ,
where the coefficients are subject to conditions
The consistency of these conditions for A kl * follows from (6.1), since (6.1) can be rewritten as
When passing from u i to u i+1 , each coordinate strictly grows, and hence relations (6.2) restricted to any of the variables x 1 , . . . , x n , mean that the truncation of f kl to one variable (that is, the tropical sum of the monomials of f kl depending on the chosen variable) is a tropical univariate polynomial whose all monomials are essential. In particular, for all 1
, as far as i = s .
In turn, conditions (6.2) determine that the subdivision S(f kl ) of the Newton polytope ∆(f kl ) contains polytopes P is the convex hull of the integral points, corresponding to the monomials, participating in the equality (6.2) for u i . Differently, P kl i can be viewed as the convex hull of the following segments on the coordinate axes:
Relations (6.2) mean that, for any i = 1, . . . , m, the polytope P kl i , is dual (in the sense of section 3.3) to the vertex u i of U , and its edges (6.3) are dual to the facets of the cone Σ ui . Furthermore, the (n−1)-dimensional face of Z(f kl ), dual to the edge of P kl i which joins the vertex with coordinate b(i − 1, k) on the axis Ox k and the vertex with coordinate b(i − 1, l) on the axis Ox l , contains the edge e i−1 of U + Similarly, the (n − 1)-face of Z(f kl ), dual to the edge of P kl m which joins the vertex with coordinate b(m, k) on the axis Ox k and the vertex with coordinate b(m, l) on the axis Ox l , contains the ray e m of U + . By the choice of parameters p 0 , . . . , p m , the edges e 0 , . . . , e m of U + are orthogonal to only aforementioned edges of the subdivision f kl , and thus, are contained only in the indicated (n − 1) faces of Z(f kl ). Taking the intersection over all k, l, we obtain k,l Z(f kl ) = U .
In the remaining situation when U + is homeomorphic to [0, ∞), we modify the preceding construction in order to exclude any ray e 0 , attached to the vertex u 1 and directed to the negative infinity. Namely, in the above formula for f kl we replace all the terms with the exponents b(0, j), j = 1, . . . , n, by a constant A kl 0 , satisfying (6.2) for i = 0.
(2) Now we construct a defining ideal for U red by extending the above ideal I of U with the following simple tropical polynomials.
Fix any i = 1, . . . , m and choose a set K {1, . . . , n} such that
To obtain uniform expressions, we enlarge the curve U up to a new additive tropical curve V in the following manner:
, we attach to the vertex u 1 the negatively directed ray e 0 as the continuation of the edge e 1 ; clearly the extended graph is a tropical curve, since the balancing condition (3.2) can be restored by rearranging edge weights, and, moreover, this tropical curve is additive; (ii) pick extra vertices, u 0 ∈ e 0 \{u 1 } and u m+1 ∈ e m \{u m }, and to each of them we attach n negatively directed rays parallel to the coordinate lines.
These extra rays attached to u 1 will be cut off later by intersecting with U. Now put
for all k = 0, . . . , m + 1 such that k = i − 1, i, i + 1, and for all j, l = 1, . . . , n,
for all j ∈ K, s ∈ K, and l = 1, . . . , n,
for all j = 1, . . . , n, s ∈ K ∪ {j 0 }, and l ∈ K ∪ {j 0 },
The consistency of conditions (e)-(h) imposed to the coefficients of f i,K again follows from (6.1).
The same relation (6.1) yields also that
As in the first part of the proof, we derive that all the monomials of f i,K are essential and that the induced subdivision of ∆(f i,K ) contains the n-dimensional polytopes P k , 0 ≤ k ≤ m + 1, k = i, such that P i is the convex hull of the integral points, corresponding to the monomials from the equality in (e)-(g) for the point u k . Again the argument of the first part of the proof ensures that Z(f i,K ) contains U + and all the cones Σ u k , 1 ≤ k ≤ m, k = i. For example, to ensure that the segments [u i−1 , u i ] and [u i , u i+1 ] are contained in Z(f i,K ), one has to notice that that K contains at least 2 elements. Indeed, otherwise, the vectors a ui (e), e ∈ U 1 ui , oriented to Ê n ≤0 , would lie in the same hyperplane and thus could not be balanced by a vector a ui (e ui ) ∈ Ê n >0 , what contradicts (3.2).
Next we verify that
, then by construction J ⊃ K. Hence there is s ∈ K\J, and thus the value f i,K (u i ) is attained (among others) by the two monomials A is ⊙ x b(i,s) s
and in turn contains Σ ui (J).
The last step is to check that
and its value is attained by the only monomial A ij0 ⊙ x b(i,j0) j0 . Finally, running over all i = 1, . . . , m and all K ⊂ {1, . . . , n} such that Σ ui (K) ⊂ U red , we complete the simple ideal for U red .
The construction of the defining ideals for U and U red depends on the choice of the parameters p 0 , . . . , p m . We shall show that a suitable choice can provide the following property.
Given two strictly increasing sequences of real numbers ξ = {ξ 1 , . . . , ξ r } and η = {η 1 , . . . , η r }, we say that η is ξ-convex if 
We leave the proof of this elementary statement to the reader, remarking only that one should take the sequence p 0 , . . . , p m growing sufficiently quickly.
6.3. Remark on plane additive tropical curves. The above geometric and algebraic treatment becomes quite transparent in the case of plane additive tropical curves.
Geometrically one obtains an additive tropical curve U ⊂ Ê 2 from its spine U + by attaching to each vertex u i , 1 ≤ i ≤ m, one or two negatively directed horizontal and vertical rays. Furthermore, if u 1 is the minimal point of the spine U + (i.e., U + ≃ [0, ∞)), then we call u 1 a terminal vertex of U . In particular, if u 1 is terminal then it is the vertex of both a horizontal and a vertical negatively directed rays of U . By Theorem 5.1, such a curve U can be defined by one simple tropical polynomial. However, this polynomial may be rigid and thus not suitable for the procedure presented below. Since here U = U red , we can define U by a number of polynomials constructed in the proof of Lemma 6.1 with parameters p o , . . . , p m subject to conditions (P1), (P2). Furthermore, below we shall use one more property on the construction of Lemma 6.1. 
The proof again is an easy exercise left to the reader. We only observe, that, if u 1 is not terminal then p 0 = 0 satisfying the requirements of the proposition. Also, in such a variation of p 0 and p m , the convexity property required in Proposition 6.2 persists, since it depends just on f (u 1 ), . . . , f (u m ). Pick a number i = 1, . . . , m and an element J ∈ J i (U ), and consider the set U i,J = U ∩ Σ ui (J). We intend to construct a series of simple polynomials F such that Z(F ) ⊃ U and
Then running over all i = 1, . . . , m and all J ∈ J i (U ) and adding all the newly obtained polynomials to the ideal of U red , we obtain the desired simple ideal defining U .
Step 1. The set J consists of one or two indices. Let #J = 1. Then U i,J is just the negatively directed ray emanating from u i and parallel to one of the coordinate axes, say x 1 -axis. We project U to the (x 1 , x 2 )-plane and obtain a plane additive tropical curve V , which hereby is defined by a simple polynomial F (x 1 , x 2 ). It is then clear that Z(F ) ∩ Σ i,J = U i,J .
Step 2. Let J consist of two indices, say J = {1, 2}. Identify Ê 2 with the plane {x 3 = 0} ⊂ Ê 3 and introduce the natural projection π : 
Geometrically, Σ i,J is either a (shifted) negative quadrant in Ê 2 , or the closed difference of two such quadrants, one being inside the interior of the other. Moreover, V i,J ⊂ Σ i,J , and Σ i,J is the minimal figure of the given shape, containing V i,J .
We claim that • for each k > i and K ⊂ {1, . . . , n} such that
The first relation is easy: if l ∈ J\K, then any point of U k,K has the l-th coordinate α kl > α il , and hence its π-projection lies outside Σ i,J . To prove the second relation, we notice that, for any point u = (α 1 , α 2 , α 3 ) ∈ U i such that π(u) ∈ Σ i,J , one has α 3 ≤ α i3 , and there always exists a point v = (α
(the latter property is evident ifV i,J has no terminal vertex, and follows from (vii) in section 6.1 ifV i,J has a terminal vertex). Then
and with any point u ∈ {f = g}, the set {f ≥ g} contains the negative ray with vertex u, parallel to the x 3 -axis, and the set {f ≤ g} contains the negative quadrant with vertex u, parallel to the (x 1 , x 2 )-plane. Notice also that W i,J ⊂ Z(f ). Then:
(1) For any k > i, due to relations (b) and (c) and the construction in the proof of Lemma 6.1, the value F f (u k ) is attained by the pair of monomials
and A k ⊙ x c k 3 , a pair of monomials depending on x 1 , and a pair of monomials, depending on x 2 . Hence Z(F f ) ⊃ Σ u k .
(2) Since f (u m+1 ) = g(u m+1 ) and p m+1 ≫ max l f (u l ) (Proposition 6.3 and relation (a) above), and the polynomial g is linear in the half-space {x 3 ≥ α m+1,3 }, we decide that f (u) ≥ g(u) along the ray e um+1 , and hence e(u m+1 ) ⊂ Z(F f ). Similarly, f (u 1 ) = g(u 1 ) and p 0 ≪ min l f (u l ) (Proposition 6.3 and relation (h) above), and hence the ray ofÛ, emanating from u 1 and going to Ê n <0 is contained in Z(F f ).
(3) By construction, the values f (u k ) and f (u k+1 ) for k > i are attained by the same monomial, and the same holds for g. Hence, since both f and g are linear along the segment
, we derive that the segment [u i , u i+1 ] lies in the domain {f ≥ g}, and hereby is contained in Z(F f ).
(5) We have g(u s ) = f (u s ) and g(u k ) < g(u i ) = f (v 1 ) ≤ f (u k ) for all s < k < i, since v 1 ≺ π(u k ) on π(W i,J ). Hence the segments [u l , u l+1 ], s ≤ l < i, lie in the domain {f ≥ g}, and thus are contained in Z(F f ).
(6) If, for some k = 1, . . . , i and K = {1, 3}, U ∩ Σ u k (K) = ∅, then π(W i,J ) contains the negatively directed ray, starting at π(u k ) and parallel to the x 1 -axis. Hence the value f (u k ) is attained by at least two monomials in x 2 , which keep their value along the negatively directed ray, starting at u k and parallel to the x 1 -axis. As we have seen above f (u k ) ≥ g(u k ), and thus the latter ray entirely lies in the domain {f ≥ g}. Hence Σ u k (K) ⊂ Z(F f ). Similarly we treat the case of K = {2, 3}.
(7) Next, for each k = 1, . . . , i − 1, the value of g along Σ u k (J) is attained by two monomials of g, and hence
(8) Finally, the value of g along Σ ui (J) is attained by precisely one monomial of g, and hence
Since the value g(u i ) = f (v 1 ) is attained by four monomials of f , two in x 1 and two in x 2 (recall that U contains two negatively directed rays, starting at v 1 and parallel to the x 1 -and x 2 -axes, respectively as noticed in section 6.3), we decide that π(Σ u k (J)\{g > f }) = Σ i,J (see the definition in the beginning of Step 2) .
Summarizing these conclusions, we obtain that Z(F f ) ⊃ U for all suitable generators f of the simple ideal of π(W i,J ), and, due to the claim π(U ) ∩ Σ i,J = U i,J established in Step 2, that
Step 4. Suppose that the vertex v 1 ofV i,J is not terminal.
Consider the plane additive tropical curve π(U ) ⊂ Ê 2 and denote by w = (β 1 , β 2 ) the minimal vertex of (π(U )) + . Notice that w ≺ π(u k ) for all k = 1, . . . , m + 1, and that (6.7) π(U ) ∩ {x 1 < β 1 , x 2 < β 2 } = V i,J ∩ {x 1 < β 1 , x 2 < β 2 } (this is just an open ray). Again by Propositions 6.2 and 6.3, we can choose generators f of a simple ideal of π(W i,J ) such that they satisfy the following: the sequence f (w) < f (u i+1 ) < · · · < f (u m ) is convex with respect to the sequence α i3 < α i+1,3 < · · · < α m3 , and relation (6.5) holds true. Then we define a polynomial F f by formula (6.6), where A k , c k , 0 ≤ k ≤ m + 1, are determined from the conditions (a), (b) in Step 3 and from the following: (c') for i-th monomial,
Conditions (a), (b), (c'), (d') uniquely determine A k , c k , 0 ≤ k ≤ m+1, out of f (w), f (u 1 ), . . . , f (u m+1 ).
Using the argument of Step 3, where w plays the role of v 1 , we show that Z(F f ) ⊃ U . However, in the quadrant Σ ui (J) we obtain
since the value d(u i ) = f (w) is attained by two monomials of g. In view of (6.7) and the relations g Σ u i (J) = g(u i ) = f (w) and {u ∈ Ê 2 : u ∈ Z(f ), f (u) < f (w)} = {u ∈ Ê 2 : u ∈ Z(f ), u = w, u ≺ w along the order on the curve Z(f ) ∩ Ê 2 } ⊂ {x 1 < β 1 , x 2 < β 2 } , we finally derive that
as required, where f π(U) (x 1 , x 2 ) is a simple polynomial defining the curve π(U ).
Step 5. Running the constructions of Steps 2, 3, and 4 for all i = 1, . . . , m and all J ∈ J i (U ) and appending all the obtained (simple) polynomials to the simple ideal of U red , we come with a simple ideal defining the given additive curve U .
